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Abstract
In this paper, we establish systems of coincidence theorems from which solution of system of
inequalities and system of minimax theorems was established in this paper.
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1. Introduction
In 1937 von Neumann [18] established the well-known coincidence theorem. Since
then, there have been a lot of generalization and applications, see [3,8,12], [12, pp. 96–97]
and references therein. Recently Deguire and Lassonde [5] and Deguire et al. [6] studied
some system of coincidence theorems of KF families [6] and give some of its applications.
In [5,6], the authors only established the existence theorems of a pair of multimaps in two
families of multimaps. Recently, Ansari et al. [2], Yu and Lin [20], and Lin and Chen [14]
studied the coincidence theorems for two families of multimaps. Ansari et al. [2] and Lin
and Chen [14] also gave some applications to the study of the equilibrium problem. In
this paper, we establish some systems of coincidence theorems, from which the existence
theorem of system of inequalities and system of minimax theorems are established. The
system of minimax theorems we establish in this paper are quite different from the minimax
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L.-J. Lin / J. Math. Anal. Appl. 285 (2003) 408–418 409theorem in [5]. Our results on system of coincidence theorems are different from [2,5,6,14,
20] and our results include some results of [3] and many well-known results in the literature
as special cases.
2. Preliminaries
Let X and Y be nonempty sets. A multimap T :X Y is a function from X into the
power set of Y . Let A ⊂ X, x ∈ X, and y ∈ Y . We define T (A) = ⋃{T (x) | x ∈ A};
x ∈ T −(y) if and only if y ∈ T (x).
For topological spaces X and Y , A⊂X, we denote intX A to be the interior of A in X;
A is said to be compactly closed (respectively, open) if for every nonempty compact subset
K of X, A ∩K is closed (respectively, open) in K . The compact closure of A (see [7]) is
defined by
cclA=
⋂
{B ⊂X |A⊂ B and B is compactly closed in X}
and the compactly interior of A is defined by
cintA=
⋃
{B ⊂X | B ⊂A and B is compactly open in X}.
It is easy to see that
ccl(X\A)=X\ cintA.
Let T :X Y , T is said to be transfer compactly closed valued (respectively, transfer
closed valued) on X [7,17], if for every x ∈ X, y ∈ T (x), there exists x ′ ∈ X such that
y /∈ cclT (x ′) (respectively, y /∈ clT (x ′)); T is said to be transfer compactly open valued
(respectively, transfer open valued) on X if for every x ∈X, y ∈ T (x), there exists x ′ ∈X
such that y ∈ cintT (x ′) (respectively, y ∈ intT (x ′)).
Definition [17]. Let X and Y be two topological spaces, f :X × Y → R ∪ {−∞,∞} a
function, f is said to be transfer compactly (respectively, transfer) l.s.c. in y if for each
y ∈ Y and each γ ∈ R with y ∈ {u ∈ Y : f (x,u) > γ }, there exists an x ′ ∈ X such that
y ∈ cint{y ∈ Y : f (x ′, y) > γ } (respectively, y ∈ int{y ∈ Y : f (x ′, y) > γ }); f is said to be
transfer compactly (respectively, transfer) u.s.c. in y if −f is transfer compactly (respec-
tively, transfer) l.s.c. in y .
Remark 1. (a) It is easy to see that if for each x ∈ X, y → f (x, y) is l.s.c., then f is
transfer l.s.c. in y .
(b) Let F :X Y be defined by F(x)= {y ∈ Y | f (x, y) > γ }. If f (x, y) is transfer
compactly (respectively, transfer) l.s.c. in y , then F :X Y is transfer compactly (respec-
tively, transfer) open valued on X.
Following the method of Chang et al. [4], we have the following lemma.
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Then G is transfer compactly open valued if and only if
⋃
x∈X
G(x)=
⋃
x∈X
cintG(x).
Proof. Suppose that G is transfer compactly open valued. Let y ∈ ⋃x∈XG(x), then
there exists x1 ∈ X such that y ∈ G(x1). Since G is transfer compactly open valued,
there exists x ′ ∈ X such that y ∈ cintG(x ′) ⊂⋃x∈X cintG(x). Therefore,
⋃
x∈XG(x)⊂⋃
x∈X cintG(x). Since cintG(x) ⊂ G(x),
⋃
x∈X cintG(x) ⊂
⋃
x∈XG(x). Therefore,⋃
x∈XG(x) =
⋃
x∈X cintG(x). Conversely, if
⋃
x∈XG(x) =
⋃
x∈X cintG(x). For each
x ∈X and y ∈G(x), we have y ∈⋃x∈XG(x)=
⋃
x∈X cintG(x). Therefore, there exists
x ′ ∈X such that y ∈ cintG(x ′). Hence G is transfer compactly open valued. ✷
Applying Lemma 2.1 and following the same argument of Proposition 1 [13], we have
the following lemma.
Lemma 2.2. Let X and Y be two topological spaces and G :X Y be a multivalued map.
Then the following statements are equivalent:
(i) G(x) is nonempty for each x ∈X and G− :Y X is transfer compactly open valued;
(ii) X =⋃y∈Y cintG−(y).
Proof. (ii)⇒ (i). Suppose X =⋃y∈Y cintG−(y). Then for each x ∈ X, we have x ∈⋃
y∈Y cintG−(y). There exists y ∈ Y such that x ∈ cintG−(y) ⊂ G−(y). Therefore
y ∈ G(x) and G(x) is nonempty. Since X = ⋃y∈Y cintG−(y) ⊆
⋃
y∈Y G−(y) ⊆ X,
X = ⋃y∈Y cintG−(y) =
⋃
y∈Y G−(y). By Lemma 2.1, G− :Y  X is transfer com-
pactly open valued and (i) is true. Conversely, suppose that (i) is true, then for each
x ∈ X, G(x) is nonempty and G− :Y  X is transfer compactly open valued. Therefore
X = ⋃y∈XG−(y) and by Lemma 2.1 we have that
⋃
y∈XG−(y) =
⋃
y∈X cintG−(y).
From this, X =⋃y∈X cintG−(y) and (ii) is true. ✷
The following example shows a set which is transfer compactly open, but it is not com-
pactly open.
Example [19]. Let X = Y = [0,2) and F : X Y be defined by F(x) = [x,2). Then
F−(y)= [0, y] and X =⋃{intX F−(y): y ∈ Y } ⊆⋃{cintF−(y): y ∈ Y } ⊂X. Therefore
X =⋃{cintF−(y): y ∈ Y }. By Lemma 2, F− :Y X is transfer compactly open valued,
but F−(y)= [0, y] is not compactly open.
Let X be a nonempty convex subset of a real topological vector space E. A function
f :X→ R is said to be quasiconvex if for each x, y ∈X, λ ∈ [0,1], f [λx + (1 − λ)y]
max{f (x), f (y)}; f is said to be quasiconcave if −f is quasiconvex.
Throughout this paper, all topological spaces are assumed to be Hausdorff and topolog-
ical vector spaces will be denoted by t.v.s.
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Theorem 3.1. Let I be an index set, {Ei}i∈I be a family of t.v.s. For each i ∈ I , let Xi be
a nonempty convex subset of Ei , let Si,Fi :Xi =∏j∈I j =i Xj Xi and Hi,Ti :XiXi
be multimaps satisfying the following conditions:
(i) For all xi ∈Xi , coSi(xi)⊂ Fi(xi);
(ii) Si has nonempty values on each point ofXi and S−i is transfer compactly open valued
on Xi;
(iii) If Xi is not compact, there exists a nonempty compact subset K(i) of Xi such that for
each finite subset Pi of Xi , there exists a compact convex subset LPi of Xi containing
Pi such that Xi\K(i)⊂⋃{cintS−i (yi): yi ∈LPi };
(iv) For each xi ∈Xi , coHi(xi)⊂ Ti(xi);
(v) Hi has nonempty values on Xi and H−i is transfer compactly open valued on Xi;
(vi) If Xi is not compact, there exists a nonempty compact subset M(i) of Xi such that for
each finite subset Qi of Xi , there exists a compact convex subset LQi of Xi such that
Xi\M(i)⊂
⋃{
cintH−i (x
i): xi ∈LQi
}
.
Then there exist x¯ = (x¯i)i∈I ∈X and y¯ = (y¯i)i∈I ∈X =∏i∈I Xi such that for each i ∈ I ,
y¯i ∈ Fi(x¯i) and x¯i ∈ Ti(y¯i).
Proof. By (ii) and Lemma 2.2, Xi =⋃{cintS−i (yi): yi ∈Xi} for each i ∈ I . Since K(i)
is a compact subset of Xi , there exists a finite subset Pi of Xi such that
K(i)⊂
⋃{
cintS−i (yi): yi ∈ Pi
}
. (1)
Similarly, by (v) there exists finite subset Qi of Xi such that
M(i)⊂
⋃{
cintH−i (x
i): xi ∈Qi
}
. (2)
By (iii),
LQi\K(i)⊂Xi\K(i)⊂
⋃{
cintS−i (yi): yi ∈LPi
}
. (3)
By (1) and (3),
LQi ⊂
⋃{
cintS−i (xi): xi ∈ LPi
}
. (4)
Similarly by (2) and (iv),
LPi ⊂
⋃{
cintH−i (x
i): xi ∈LQi
}
. (5)
By (5), there exists {ai1, . . . , aimi } in LQi such that
LPi ⊂
mi⋃
cintH−i (aij ). (6)
j=1
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LQi ⊂
"i⋃
j=1
cintS−i (bij ). (7)
Let Ai = co{ai1, . . . , aimi }, Bi = co{bi1, . . . , bi"i }, and B =
∏
i∈I Bi . Let Wi be the vector
subspace of Ei generated by {bi1, . . . , bis}. Since Wi is finite dimensional, Wi and W =∏
i∈I Wi are locally convex t.v.s. Ai , Bi , and B are compact convex subsets of LQi , Wi ,
and W , respectively.
By (7),
Ai =
"i⋃
j=1
(
cintS−i (bij )
)∩Ai. (8)
By (6),
Bi =
mi⋃
j=1
(
cintH−i (aij )
)∩Bi. (9)
By (8) and using partition of unity, there exist continuous functions λi1, . . . , λi"i :Ai →
[0,1] such that ∑mik=1 λik(xi) = 1 and for each k = 1, . . . , "i , λik(xi) = 0 for xi /∈
cintS−i (bik) ∩Ai . For each i ∈ I , we define fi :Ai → Bi by
fi(x
i)=
"i∑
k=1
λik(x
i)bik for xi ∈Ai.
For each xi ∈Xi and each k with λik(xi) = 0, we have xi ∈ cintS−i (bik) ∩Ai ⊆ S−i (bik).
Therefore, bik ∈ Si(xi) for each i ∈ I . By (i), for each i ∈ I , fi(xi) ∈ coSi(xi) ⊆ Fi(xi)
for all xi ∈ Ai and fi :Ai → Bi is a continuous function. Similarly by (9), for each i ∈ I ,
there exists a continuous function gi :Bi → Ai such that gi(yi) ∈ coHi(yi) ⊂ Ti(yi) for
all yi ∈Bi . Let h :B→B be defined by h(x)=∏i∈I fi(gi(xi)).
B is a compact convex subset of the locally convex t.v.s.
∏
i∈I Wi =W . Then by Ty-
chnoff’s fixed point theorem, there exists y¯ = (y¯i)i∈I ∈ B ⊆ X such that y¯ = h(y¯) =∏
i∈I fi(gi(y¯i)).Therefore y¯i = fi(gi(y¯i)) for all i ∈ I . Let x¯i = gi(y¯i). Then x¯i =
gi(y¯i) ∈ Ti(y¯i), y¯i ∈ fi(x¯i) ∈ Fi(x¯i) for all i ∈ I and x¯ = (x¯i)i∈I ∈X. ✷
As a consequence of Lemma 2.2 and Theorem 3.1, we have the following theorem.
Theorem 3.2. Let I be an index set, {Ei}i∈I be a family of t.v.s. For each i ∈ I , let Xi be
a nonempty convex subset of Ei,Si,Fi :Xi =∏j∈Ij =i Xj Xi and Hi,Ti :XiXi be
multimaps satisfying the following conditions:
(i) For all xi ∈Xi , co(Si(xi))⊆ Fi(xi);
(ii) Xi =⋃{intXi S−(xi): xi ∈Xi};i
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subset Pi of Xi , there exists a compact convex subset LPi of Xi containing Pi such
that Xi\K(i)⊂⋃{cintS−i (yi): yi ∈LPi };
(iv) For each xi ∈Xi , coHi(xi)⊆ Ti(xi);
(v) Xi =⋃{intXi H−i (xi): xi ∈Xi};
(vi) If Xi is not compact, there exists a nonempty compact subset M(i) of Xi such that for
each finite subset Qi of Xi , there exists a compact convex subset LQi of Xi such that
Xi\M(i)⊂⋃{cintH−i (xi): xi ∈ LQi }.
Then there exist x¯ = (x¯i)i∈I ∈X and y¯ = (y¯i)i∈I ∈X such that for each i ∈ I , y¯i ∈ Fi(x¯i)
and x¯i ∈ Ti(y¯i).
Proof. Since intXi S
−
i (xi)⊂ cintS−i (xi), by (ii) we have Xi =
⋃{intXi S−i (xi): xi ∈ Xi}
⊂⋃{cintS−i (xi): xi ∈ Xi} ⊂ Xi . Therefore, Xi =
⋃{cintS−i (xi): xi ∈ Xi}. It follows
from Lemma 2.2 that S−i :Xi Xi is transfer compactly open on Xi and Si(xi) is non-
empty for all xi ∈Xi .
Similarly, by (v) for all xi ∈ Xi , Hi(xi) is nonempty and H−i :Xi  Xi is transfer
compactly open on Xi . Since intXi S−i (yi)⊆ cintS−i (yi), it follows from (iii) that Xi\K(i)
⊂⋃{cintS−i (yi): yi ∈ LPi }.
Similarly, Xi\M(i) ⊂ ⋃{cintH−i (xi): xi ∈ LQi }. Then all the conditions of Theo-
rem 3.1 are satisfied and the conclusion of Theorem 3.2 follows from Theorem 3.1. ✷
Remark 2. If for all i ∈ I , xi ∈Xi , Si(xi) is nonempty, and S−i (yi) is open for all yi ∈Xi ,
then condition (ii) of Theorem 3.2 is satisfied. Similarly, for all i ∈ I and xi ∈Xi , Hi(xi)
is nonempty and H−i (xi) is open for all xi ∈ Xi , then condition (v) of Theorem 3.2 is
satisfied.
If I = {1,2} and for all i ∈ I , Xi is compact, then by Theorem 3.2, it is easy to show
the Fan’s coincidence theorem.
Corollary 3.1 [9]. Let X ⊂E and Y ⊂ Z be nonempty compact convex sets in the t.v.s. E
and Z, respectively. Let A,B :X Y be two multivalued maps such that
(i) Ax is open and B(x) is a nonempty convex set for each x ∈X;
(ii) B−y is open and A−y is a nonempty convex set for each y ∈ Y .
Then there exists x0 ∈X such that Ax0 ∩Bx0 = ∅.
Remark 3. (a) The coercivity conditions used in Theorem 10 in [6] and Theorem 3.1
are different. Theorem 10 in [6] assume one multivalued map in each family satisfies the
coercivity conditions. The conclusions of Theorem 10 in [6] and Theorem 4a in [5] are that
there exist one pair of multivalued maps among two families of multivalued maps having
a coincidence point. The proofs of Theorem 10 in [5] and Theorem 3.1 are different.
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ilies of multivalued maps, but the conditions, proofs and the conclusions of Theorems 3.1–
3.6 in [14], Theorem 8 in [20], and Theorem 2.1 in [2] are different from Theorems 3.1
and 3.2.
(c) It is very easy to see the coercivity condition in Theorem 3.1 or 3.2 is weaker than
the coercivity conditions in [1,10,11,15].
4. Applications of system of coincidence theorems
Theorem 4.1. Let I be an index sets, {Ei}i∈I be family of t.v.s. For each i ∈ I , let Xi be
a nonempty convex subsets of Ei , Zi be a real t.v.s., Ci a closed convex solid cone (i.e.,
intCi = ∅) in Zi , and Ai,Bi :Xi × Xi  Z and Pi,Qi :Xi × Xi  Zi be multimaps
satisfying the following conditions:
(1) For all x ∈ X, Ai(x) ⊆ intCi implies Bi(x) ⊆ intCi and Pi(x) ⊆ − intCi implies
Qi(x) ⊆ − intCi;
(2) For all xi ∈Xi , the set {yi ∈Xi |Ai(xi, yi)⊆ intCi} is convex and for all yi ∈Xi the
set {xi ∈Xi | Pi(xi, yi)⊆− intCi} is convex;
(3) The multimap yi ∈ Xi → {xi ∈ Xi | Bi(xi, yi) ⊆ intCi} is transfer compactly closed
on Xi and the multimap xi ∈Xi → {yi ∈Xi |Qi(xi, yi) ⊆ − intCi} is transfer com-
pactly closed on Xi;
(4) For all i ∈ I and xi ∈Xi , there exists yi ∈Xi such that Bi(xi, yi)⊆ intCi;
(5) If Xi is not compact, there exist a nonempty compact subset K(i) of Xi and a compact
convex subset Di of Xi such that for each xi ∈Xi\K(i), there exists yi ∈Xi such that
xi ∈ cint{ui ∈Xi | Bi(ui, yi)⊆ intCi};
(6) For all i ∈ I , yi ∈Xi , there exists xi ∈Xi such that Qi(xi, yi)⊆− intCi;
(7) If Xi is not compact, there exist a nonempty compact subset M(i) of Xi and a compact
convex subset Li of Xi such that for each yi ∈Xi\M(i), there exists xi ∈ Li such that
yi ∈ cint{ui ∈Xi |Qi(xi, ui)⊆− intCi}.
Then there exist x¯ = (x¯i)i∈I ∈X =∏i∈I Xi , y¯ = (y¯i)i∈I ∈X such that Ai(x¯i, y¯i)⊆ intCi
and Pi(x¯i, y¯i)⊆− intCi for all i ∈ I .
Proof. For each i ∈ I , we define Si, Ti :Xi  Xi by Si(xi) = {yi ∈ Xi | Bi(xi, yi) ⊆
intCi}, Ti(xi) = {yi ∈ Xi | Ai(xi, yi) ⊆ intCi}, and Fi,Gi :Xi  Xi by Fi(yi) = {xi ∈
Xi |Qi(xi, yi)⊆− intCi}, Gi(yi)= {xi ∈Xi | Pi(xi, yi)⊆− intCi}.
(1) and (2) imply that co(Si(xi))⊆ Ti(xi) for all xi ∈ Xi and co(Fi(yi))⊆Gi(yi) for
all yi ∈Xi .
(3) implies that S−i is transfer compactly open on Xi and F−i is transfer compactly open
on Xi .
(4) implies that for all xi ∈Xi , Si(xi) is nonempty. Therefore, Si(xi) is nonempty on
each compact subset of Xi and condition (ii) of Theorem 3.1 is satisfied.
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co{Di ∪ Ri}. Then LNi is a compact convex subset of Xi containing Ni and LRi is a
compact convex subset of Xi containing Ri .
(5) implies that Xi \K(i)⊂⋃{cintS−i (yi): yi ∈LNi }.
(6) implies that for all yi ∈Xi , Fi(yi) is nonempty. This together with (3) imply condi-
tion (v) of Theorem 3.1.
(7) implies that Xi \K(i)⊂⋃{cintF−i (xi): xi ∈LRi }.
Then, by Theorem 4.1 there exist x¯ = (x¯i)i∈I ∈X and y¯ = (y¯i)i∈I ∈X such that
y¯i ∈ Ti(x¯i) and x¯i ∈Gi(y¯i).
Therefore, Ai(x¯i, y¯i)⊆ intCi and Pi(x¯i, y¯i)⊆− intCi . ✷
As a simple consequence of Theorem 4.1 we have the following theorem which estab-
lishes the existence of solution for a system of inequalities.
Theorem 4.2. Let I be an index set and for each i ∈ I , Xi be a nonempty convex subset of
t.v.s. Ei,fi , gi :Xi ×Xi →R, pi, qi :Xi ×Xi → R be functions, and {ai}i∈I and {bi}i∈I
be families of real numbers. Suppose that for each i ∈ I , the following conditions hold:
(1) gi(x) fi(x) and pi(x) qi(x) for all x ∈X;
(2) For each xi ∈Xi , xi → fi(xi, xi) is quasiconcave on Xi and for each xi ∈Xi , xi →
pi(x
i, xi) is quasiconvex on Xi;
(3) For each xi ∈ Xi , xi → gi(xi, xi) is transfer compactly l.s.c. on Xi and for each
xi ∈Xi , xi → qi(xi, xi) is transfer compactly u.s.c. on Xi;
(4) For xi ∈Xi , there exist xi ∈Xi such that gi(xi, xi) > ai;
(5) IfXi is not compact, there exist a nonempty compact subsetK(i) ofXi and a nonempty
compact convex subset Di of Xi such that for each xi ∈Xi\K(i), there exists yi ∈Di
such that xi ∈ cint{ui ∈Xi | gi(ui , yi) > ai};
(6) For each xi ∈Xi , there exists xi ∈Xi such that qi(xi, xi) < bi;
(7) If Xi is not compact, there exist a nonempty compact subset M(i) of Xi and a non-
empty compact convex subset Li of Xi such that for each yi ∈ Xi\M(i), there exists
xi ∈ Li such that yi ∈ cint{ui ∈Xi | qi(xi, ui) < bi}.
Then there exist x¯ = (x¯i)i∈I ∈X and y¯ = (y¯i)i∈I ∈X such that
fi(x¯i , y¯i) > ai and pi(x¯i, y¯i) < bi for all i ∈ I.
Proof. For each i ∈ I , let Ci = [0,∞) and Ai,Bi,Pi,Qi :Xi ×Xi →R be defined by
Ai(x
i, xi)= fi(xi, xi)− ai, Bi(xi, xi)= gi(xi, xi)− ai,
and
Pi(x
i, xi)= pi(xi, xi)− bi, Qi(xi, xi)= qi(xi, xi)− bi.
Then all the conditions of Theorem 4.1 are satisfied. It follows from Theorem 4.1 that there
exist x¯ = (x¯i)i∈I ∈X and y¯ = (y¯i)i∈I ∈X such that fi(x¯i , y¯i) > ai and pi(x¯i, y¯i) < bi for
all i ∈ I . ✷
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Si(x
i)= {yi ∈Xi | gi(xi, yi)− ai > 0
}
,
Fi(x
i)= {yi ∈Xi | fi(xi, yi)− ai > 0
}
,
Hi(xi)=
{
xi ∈Xi | qi(xi, xi)− bi < 0
}
,
Ti(xi)=
{
xi ∈Xi | pi(xi, xi)− bi < 0
}
.
Then all the conditions of Theorem 3.1 are satisfied and the conclusion of Theorem 4.2
follows from Theorem 3.1.
(b) If I is a singleton, then Theorem 4.2 reduces to Theorem 5.6 in [3].
By Theorem 4.2, we have the following system minimax theorem.
Theorem 4.3. For each i ∈ I , let Xi be a nonempty convex subset of t.v.s. Ei , fi, gi :Xi ×
Xi →R, pi, qi :Xi ×Xi →R be functions such that
(1) gi(x) fi(x) pi(x) qi(x) for all x ∈X;
(2) For each xi ∈Xi , xi → fi(xi, xi) is quasiconcave on Xi and for each xi ∈Xi , xi →
pi(x
i, xi) is quasiconvex on Xi;
(3) For each xi ∈ Xi , xi → gi(xi, xi) is transfer compactly l.s.c. on Xi and for each
xi ∈Xi , xi → qi(xi, xi) is transfer compactly u.s.c. on Xi;
(4) IfXi is not compact, there exist a nonempty compact subsetK(i) ofXi and a nonempty
compact convex subset Di of Xi such that for each xi ∈Xi\K(i), there exists yi ∈Di
such that
xi ∈ cint
{
ui ∈Xi | gi(ui, yi) inf
ui∈Xi
sup
ui∈Xi
gi(u
i, ui)
}
;
(5) If Xi is not compact, there exist a nonempty compact subset M(i) of Xi and a non-
empty compact convex subset Li of Xi such that for each yi ∈ Xi\M(i), there exists
xi ∈ Li such that
yi ∈ cint
{
ui ∈Xi | qi(xi, ui) inf
ui∈Xi
sup
ui∈Xi
qi(u
i, ui)
}
.
Then
inf
ui∈Xi
sup
ui∈Xi
gi(u
i, ui) sup
ui∈Xi
inf
ui∈Xi
qi(u
i, ui) for all i ∈ I.
Proof. Let ε > 0 and for each i ∈ I , let
ai = inf
ui∈Xi
sup
ui∈Xi
gi(u
i, ui)− ε and bi = sup
ui∈Xi
inf
ui∈Xi
qi(u
i , ui)+ ε.
Then for each xi ∈Xi , there exists xi ∈Xi such that gi(xi, xi) > ai and for each xi ∈Xi ,
there exists xi ∈Xi such that qi(xi, xi) < bi . Therefore, all the conditions of Theorem 4.2
are satisfied.
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that for all i ∈ I ,
fi(x¯
i , y¯i) > inf
ui∈Xi
sup
ui∈Xi
gi(u
i, ui)− ε and pi(x¯i, y¯i) < sup
ui∈Xi
inf
ui∈Xi
qi(u
i , ui)+ ε.
Since pi(x¯i, y¯i) fi(x¯i , y¯i),
sup
ui∈Xi
inf
ui∈Xi
qi(u
i, ui)+ ε > inf
ui∈Xi
sup
ui∈Xi
gi(u
i , ui)− ε,
since ε is arbitrary positive number,
sup
ui∈Xi
inf
ui∈Xi
qi(u
i, ui) inf
ui∈Xi
sup
ui∈Xi
gi(u
i, ui) for all i ∈ I. ✷
If we let pi = fi = qi = gi in Theorem 4.3, we have the following corollary.
Remark 5. Theorem 4.3 is different from Theorem 4b in [5].
Corollary 4.4. In Theorem 4.3, if for all i ∈ I , fi = gi = pi = qi , then there exist x¯ =
(x¯i)i∈I ∈X, y¯ = (y¯i)i∈I ∈X such that for all i ∈ I ,
sup
ui∈Xi
inf
ui∈Xi
fi(u
i, ui)= inf
ui∈Xi
sup
ui∈Xi
fi(u
i, ui).
Proof. By Theorem 4.3, we see that for all i ∈ I ,
sup
ui∈Xi
inf
ui∈Xi
fi(u
i, ui) inf
ui∈Xi
sup
ui∈Xi
fi(u
i , ui).
Since for all i ∈ I , we have
sup
ui∈Xi
inf
ui∈Xi
fi(u
i, ui) inf
ui∈Xi
sup
ui∈Xi
fi(u
i , ui),
it follows that
sup
ui∈Xi
inf
ui∈Xi
fi(u
i, ui)= inf
ui∈Xi
sup
ui∈Xi
fi(u
i, ui). ✷
Theorem 4.5. Let I be an index set. For each i ∈ I , let Xi be a nonempty compact convex
subset of t.v.s. Ei , fi :Xi ×Xi →R be a function satisfying the following conditions:
(i) For each xi ∈Xi , xi → fi(xi, xi) is quasiconcave and u.s.c. on Xi;
(ii) For each xi ∈Xi , xi → fi(xi, xi) is quasiconvex and l.s.c. on Xi .
Then there exist x¯ = (x¯i)i∈I ∈X and y¯ = (y¯i)i∈I ∈X such that for all i ∈ I ,
min
ui∈Xi
max
ui∈Xi
fi(u
i, ui)= fi(x¯i , y¯i)= max
ui∈Xi
min
ui∈Xi
fi(u
i, ui).
Proof. Theorem 4.5 follows immediately from the compactness of Xi and Remark 5. ✷
Remark 6. If I is a singleton, then Theorem 4.5 reduces to the Sion’s mimimax theo-
rem [16].
418 L.-J. Lin / J. Math. Anal. Appl. 285 (2003) 408–418References
[1] G. Allen, Variational inequalities, complementary problems and duality theorems, J. Math. Anal. Appl. 58
(1997) 1–10.
[2] Q.H. Ansari, A. Idzik, J.C. Yao, Coincidence and fixed point theorems with applications, Topol. Methods
Nonlinear Anal. 15 (2000) 191–202.
[3] H. Ben-El-Mechaiekh, P. Deguire, A. Granas, Points fixes et coincidences pour les fonctions multivoques II,
C. R. Acad. Sci. Paris Sér. I 295 (1982) 381–388.
[4] S.S. Chang, B.S. Lee, X. Wu, Y.J. Cho, G.M. Lee, The generalized quasi-variational inequalities problems,
J. Math. Anal. Appl. 203 (1996) 686–711.
[5] P. Deguire, M. Lassonde, Familles sélectantes, Topol. Methods Nonlinear Anal. 5 (1995) 261–269.
[6] P. Deguire, K.K. Tan, G.X.Z. Yuan, The study of maximal elements, fixed point for LS -majorized map-
pings and their applications to minimax and variational inequalities in product topological spaces, Nonlinear
Anal. 37 (1999) 933–951.
[7] X.P. Ding, Existence of solutions for quasi-equilibrium problems in noncompact topological spaces, Com-
put. Math. Appl. 39 (2000) 13–21.
[8] X.P. Ding, Best approximation and coincidence theorems, J. Sichuan Normal Univ. Nat. Sci. 18 (1995)
21–29.
[9] K. Fan, Applications of the theorem concerning sets with convex selections, Math. Ann. 163 (1966) 186–
203.
[10] K. Fan, Some properties of convex subsets related to fixed point theorems, Math. Ann. 266 (1984) 519–537.
[11] M. Lassoinde, On the use of KKM multifunctions in fixed point theory and related topics, J. Math. Anal.
Appl. 97 (1983) 151–201.
[12] A. Granas, F.C. Liu, Coincidence for set valued maps and inequalities, J. Math. Anal. Appl. 165 (1986)
119–148.
[13] L.J. Lin, Applications of fixed point theorem in G-convex spaces, Nonlinear Anal. 46 (2002) 601–608.
[14] L.J. Lin, H.I. Chen, Coincidence theorems for family of multimaps and their applications to equilibrium
problems, J. Abstr. Appl. Anal. 5 (2003) 295–305.
[15] B. Djafari-Rouhani, E. Tarafdar, P.J. Watson, Fixed point theorems, coincidence theorems and variational
inequalities, in: J. Hadjisavvas, J.E. Martineq-Legaz, J.-P. Penot (Eds.), Generalized Convexity and Gener-
alized Monotonicity, Springer-Verlag, Berlin, 2001, pp. 183–188.
[16] M. Sion, On nonlinear variational inequalities, Pacific J. Math. 8 (1958) 171–176.
[17] G. Tian, J. Zhou, Transfer continuities, generalizations of the Weierstrass and maximum theorems: a full
characterization, J. Math. Econom. 24 (1995) 281–303.
[18] J. von Neumann, Über ein ökonomsiches Gleichungssystem und eine Verallgemeinering des Browerschen
Fixpunktsatzes, Ergeb. Math. Kolloq. 8 (1937) 73–83.
[19] X. Wu, S. Shen, A further generalization of Yannelis–Prabhaker’s continuous selection and its applications,
J. Math. Anal. Appl. 197 (1996) 61–74.
[20] Z.T. Yu, L.J. Lin, Continuous selection and fixed point theorems, Nonlinear Anal. 52 (2003) 445–453.
[21] G.X.-Z. Yuan, KKM Theory and Application in Nonlinear Analysis, Dekker, New York, 1999.
